Introduction
For any positive integers n and k, let
A positive integer t is called a powerful number, if t > 1 and p 2 | t for every prime divisor p of t (see [5] ). There are many papers concerned with the existence of powerful numbers in Ω k (n) and its variants. In this respect, J. Cilleruelo [3] proved that Ω 2 (n) is a square only for n = 3. T. Amdeberhan, L.A. Medina and V.H. Moll [1] claimed that if n > 12 and k is an odd prime, then Ω k (n) is not a square. Recently, E. Gürel and A.U.O. Kisisel [6] proved that Ω 3 (n) is not a powerful number. It implies that Ω 3 (n) is never a perfect power. In addition, they pointed that the proof of Proposition 5.1 of [1] is wrong. Thus, for k 5, the problem is still open. In this paper, we prove a general result as follows:
Theorem. If k is an odd prime with k
The combination of the result of [6] and our theorem yields the following corollary immediately:
Corollary. For any positive integer n and any odd prime k, Ω k (n) is not a powerful number and never a perfect power.
Preliminaries
For any positive number x, let π(x) denote the number of primes not exceeding x. For any coprime positive integers k and l with l < k, let π(x; k, l) denote the number of primes not exceeding x and congruent to l mod k. [7] .) For any positive numbers x and y with 1 < k < y x, we have
Further let |P (n)| and |P (n; k, 1)| denote the numbers of elements of P (n) and P (n; k, 1), respectively. Then
Proof. By the table of primes below 2000, the lemma holds for n < 2000. We now assume that
for n 2000. By Lemma 2.1, we have
) .
The combination of (2.3), (2.6) and (2.7) yields
(2.8) 
) . If n 4k and k 500, then we have log(n + 1) > log 4k = log 2 + log 2k. 
Proof of the theorem
Here and below, we assume that k is an odd prime with k 5.
Proof. Since Ω k (1) = 2, which is not a powerful number. It is a well-known fact that, for any positive integer a with a > 1, every prime divisor p of (a
(see [2] ). Therefore, we see from
is not a powerful number. Using the same method, we can prove that 5 Ω k (5) and 7 Ω k (9). Thus, the lemma is proved. 2
By (1.1) and (3.2), A k (n) and B k (n) are positive integers satisfying
Proof of the theorem. We now assume that Ω k (n) is a powerful number. By Lemma 3.2, we find from (2.1) and (2.2) that
The theorem is now established by showing that (3.4) is not valid. The discussion is divided into the following three cases:
Case I. n < 2k.
By Lemma 3.1, it suffices to consider the case of n = 1, 3, 5 or 9. Then, by Lemma 2.3, we have
On the other hand, if p ∈ P (n; k, 1), then p ≡ 1 (mod k) and p 2k + 1 > n + 1. It implies that |P (n; k, 1)| = 0 for n < 2k. Thus, (3.4) is false for this case.
Case II. 2k n < 4k.
Since 2k n, if p ∈ P (n), then k < (n + 1)/2 < p. So we have k / ∈ P (n). Hence, by (3.4), we get P (n) P (n; k, 1) . (3.6) On the other hand, since n 2k > 9, by Lemma 2.3, |P (n)| satisfies (3.5). Therefore, by (3.5) and (3.6), we get |P (n; k, 1)| 2. It implies that there exists two primes p 1 and p 2 satisfy p 1 < p 2 n + 1 < 4k + 1 and p 1 ≡ p 2 ≡ 1 (mod k). But, since p 1 2k + 1 and p 2 > 4k + 1, it is impossible.
Case III. n 4k.
Since 2k < (n + 1)/2, we have k / ∈ P (n) and |P (n)| satisfies (3.6). But, by Lemma 2.4, (3.6) is false for this case.
This concludes the proof of the theorem. 2
